Peridynamics is a nonlocal continuum mechanics theory where its governing equation has an integro-differential form. This paper specifically uses bond-based peridynamics. Typically, peridynamic problems are solved via numerical means, and analytical solutions are not as common. This paper analytically evaluates peristatics, the static version of peridynamics, for a finite one-dimensional rod as well as a special case for two dimensions. A numerical method is also implemented to confirm the analytical results.
Introduction
Peridynamics, introduced by Silling in 2000 [1] , is a nonlocal continuum mechanics formulation that utilizes an integro-differential governing equation. As a result, it directly handles spatial discontinuities. In general, peridynamic problems are usually solved via numerical means, see [2] [3] [4] [5] [6] along with many other sources. Some analytical treatments exist for one-dimensional problems, [7] [8] [9] and others, but they typically resort to Fourier transforms and Fourier series. This is due to the fact that previous works assume a loading function and then solve the integral equation for displacement. Here, we suggest the inverse, assume a form for displacement and determine the loading function required to achieve that deformation.
In this paper, we first simplify the governing equation of bond-based peridynamics for one-dimensional problems, which we will show is very similar to linearized peridynamics as suggested by Silling [1, 10] . Then we solve the equation by first assuming a deformation and determining what loading is required. First we consider linear deformation and then quadratic deformations. The special case of a rod under its own weight is also considered. Then we apply the same methodology to the special case of pure dilatation in two dimensions. Finally, a numerical solution is implemented to verify that the applied load produces the deformation.
Bond-based peridynamics
Bond-based peridynamics is the original version introduced by Silling [1] with a governing equation of the form
where ρ is the mass density, b is the applied load per unit volume, x is the undeformed and u is the deformed coordinate. The double overdot represents the second time derivative. H x is the family of point x, H x = {x :
x − x < δ}. In other words, these points are capable of applying a force on x. This nonlocality is defined by a radius called the horizon and denoted by δ. x is a point within the family of point x. The boldface type denotes vector quantities.
The pairwise response function is denoted by f, which we assume has a form of
where c is the bond constant that captures the material properties of the system and it is dependent on the number of dimensions of the system [6] . The double vertical bars denote the 2-norm. Stretch is denoted by s and has a form of
where y is the displaced position of x. The relationship is given by y = u(x, t)+x and y = u(x , t)+x = u +x . Plugging equation (2) into equation (1) and simplifying, results in
We substitute the form of y and y for the first term, which yields
The form of the above equation is a bit cumbersome, but when a one-dimensional approximation is applied, it will help us to simplify.
Applying one-dimensional approximation
For a one-dimensional system, the vectors in equation (5) become scalars and, in equation (1), the integral goes from a volume to a line integral, which is given by
where A is the cross-sectional area of the bar, which for this study we assume to be constant. Substituting equation (5) into equation (6) , where the vertical bars now denote absolute value, we obtain
We introduce the following functions
and
Now, equation (7) becomes
Taking a closer look at equation (8) we note that the two terms of the integrand must have a value of 1 or −1.
The value depends on the sign of each term's numerator. For the first term, when x ∈ (x, x + δ), the value of the numerator is positive because x > x. Hence the first term is equal to 1. Equation (8) becomes
For the second term of equation (11), we again have x ∈ (x, x + δ), x > x. Physically, this means that point x is to the right of x. During deformation, we would expect that points to the right of x remain to the right. This is equivalent to the J > 0 requirement of classical continuum mechanics, where J is the Jacobean. With this reasoning we can state that for x ∈ (x, x + δ), y > y for all x and t. Therefore, equation (8) becomes
and using similar reasoning we can show that
Equation (7) becomes
Keep in mind that the simplifications above are valid for both static and dynamic problems and the equation is linear in u(x, t), which allows for superposition. Previous studies, as cited above, directly assume a form for the pairwise response function as given in equation (14), with a different coefficient. However, in order for the assumption to be valid, small deformations are imposed [1, 10] . This study derives equation (14) without restricting the deformation.
Linearity in one-dimensional peridynamics, with f given by equation (2), should be of no surprise. Local peridynamic bonds stretch along a straight line in series and the nonlocal bonds are parallel to the local bonds. It is, in essence, a mass-spring system. For two-dimensional peridynamic problems, nonlinear behavior is a result of the pairwise response function, equation (2), coupling the axial and transverse deformation within a system, similar to finite deformations of elasticity.
Application
Below we solve the static case of the system, as defined by equation (14), by assuming a displacement of u(x) and finding the forcing function b(x) required to achieve that deformation. Here, the domain is a rod of length 2L and the origin of the rod is at the center, x ∈ [−L, L] as shown in Figure 1 . There are three major regions we need to consider: well within the domain, near the edges, and at the edge. The peristatic version of equation (14) is
For our one-dimensional domain, the bond constant is [11] 
Linear deformation
We first assume that u(x) is linear. We ignore the case of u(x) being a constant as the result is trivial. The deformation takes the form of
where α is a constant. Assuming we are far from the edges, we plug equation (18) into equation (17) to yield
We can simplify the integrals using the same logic as the previous section, which results in
Thus, well within the domain no external force is required to obtain linear deformation. Next, we evaluate the right edge (the left edge is symmetric), x = L. Equation (17) becomes
Evaluating the integral yields
At the right edge of the domain a nonzero force is required. Finally, we look at the region close to the edge. Or more specifically, within a distance of δ of the right edge.
In
In order to have a deformation of the form u(x) = αx, well within the domain, no force is required. Near the edges the force linearly increases to a value of 2Eα/δ at the edge.
The end loads are distributed over a distance of δ from the edges. This is due to edge softening of peridynamics. Points near an edge have a fewer number of bonds and are softer than points well within the domain. Also, the prescribed deformation does not take this into account. To correct this issue, typically some sort of surface correction is applied, especially in numerical calculations [11] . Below we find the net force on the rod and the net applied force.
3.1.1. Net force on rod. We determine the net force on the rod, F net to determine whether the rod is experiencing any rigid body motion:
There is zero net force on the rod.
3.1.2. Applied force. We find the applied force by integrating over a distance of δ from the edge. We will perform the integration for the right side, and the solution is symmetric for the left side:
The applied load on the right side has a magnitude of EAα. If the deformation near the edges is not of interest, a load of this magnitude can be applied and points far away should not be affected.
Comparison with classical results.
In order to compare with solutions to classical elasticity we allow δ to go to zero. The value of b app does not change, but the geometry of a distributed load goes to a concentrated load at the edge face. The system is a rod with tensile end loads of magnitude EAα, which classical elasticity can easily handle. For a static one-dimensional rod in classical elasticity, from the balance of linear momentum, the governing equation has a form of
The boundary conditions for a rod with an axial end load of magnitude P are
Solving for u e yields
If P = EAα, as we found above, the deformation becomes
This result is equivalent to the applied deformation we assumed above. Essentially, peristatics and classical elasticity predict the same deformation for the same loading. The only significant difference is near the edges due to the softening effects of peridynamics.
Quadratic deformation
Here we assume the deformation is quadratic,
where β is a constant. Assuming we are far from the edges, we substitute into equation (15) and simplify, which yields
Evaluating the integral produces
Note that the above function is independent of x. At the edge, x = L, the force is
and within a distance of δ of the right edge, the force is
In summary, the forcing is:
Using superposition, we can find the forcing function required for a displacement with linear and quadratic terms of u(x) = βx 2 + αx, which is
3.2.1. Net force on rod. In this section we determine the net force on the rod to ensure no rigid body motion:
With zero net force, there is no rigid body motion.
Applied force.
We find the applied force on the rod by integrating over a distance of δ from the right and left sides. Below, we perform the integration for the right side; the left side is symmetric:
From the form of b app and b(x), the problem above can be described as a rod with a constant body force and an end load.
Comparison with classical results.
In order to compare with solutions to classical elasticity we allow δ to go to zero. The value of b app goes to 2EAβL, and the geometry of the end load goes from a distributed to a concentrated load at the edge face. The system is a rod with a constant body force of magnitude −2Eβ and end loads of magnitude 2EAβL. Classical elasticity can solve this system as well.
Using the same governing equation, equation (29), the boundary conditions for the system are
where a is a constant and p(x) is the body force,
where P is the magnitude of the end load. Solving the governing equation results in the following form for deformation
If a = −2EAβ and P = 2EAβL, note that b(x) in peridynamics and p(x) in classical elasticity differ by a factor of A, results in, u e = βx 2 .
This result is equivalent to what was found above in equation (35). Once again, classical elasticity predicts the same solution as peristatics except near the edges. Results for third-and fourth-order deformations are given in Appendix 1 for reference.
Special case: Rod under own weight
As an example, we solve the classical problem of a rod under its own weight. We first solve the problem using classical elasticity. The body force has a form of
where a is a constant. The boundary conditions are u e (0) = 0,
This results in a displacement of
For peristatics, we use equation (41), with α = aL/E and β = −a/2E, which gives us
Note that well within the rod, the body force is constant, independent of x and δ. We find the net force With zero net force, there is no rigid body motion. The applied force is
To compare with classical elasticity, we let δ go to zero. The body force is a constant of magnitude a and b app = 0. This system represents a rod under its own weight.
Two-dimensional deformation
We can apply some of the techniques above to analytically solve a special case of two-dimensional deformation, which can be easily extended to three dimensions. The domain is defined by x 1 ∈ [−W , W ] and x 2 ∈ [−L, L] as shown in Figure 2 .
Pure dilatation
We assume a deformation of the form
where α is a constant. Substitute equation (5) into equation (1), assuming time independence yields
We substitute equation (56) into the third term of the integrand, which yields,
We note that
But for α < −1 the deformation is not affine, similar to the J > 0 requirement from continuum mechanics, where J is the Jacobian. Therefore, α > −1 is the only possible value, hence,
Well within the domain, the integral becomes, −b(x) = chα where h is the thickness. We find that
Well within the domain, there is no applied load. Note that within this section, a change of variables may be required to evaluate the integrals. Close to the right edge, the integral becomes
For the sake of brevity, we define W = W − x 1 . Evaluating the integral yields 
Unfortunately, integrating near the corners is not as direct. Below, we will evaluate the loading near the topright corner. The easiest way to integrate over the area is to break the circle into four quadrants, the top-right, top-left, bottom-left and bottom-right or TR, TL, BL and BR respectively. See Figure 3 for reference. The BL integral, since we are near the top-right corner, is unaffected and has a form of
We find that
The BR integral is
which yields The TL integral is
which yields
The integral for the TR region is a bit more complicated. See Figure 4 for geometry near the top-right corner. If (W − x 1 ) 2 + (L − x 2 ) 2 > δ 2 , region A of Figure 4 , then the TR integral is
If (W − x 1 ) 2 + (L − x 2 ) 2 < δ 2 , region B of Figure 4 , then the TR integral, which we will denote by TR alt is
The net forcing is given by the following expression
Closer to the corner, the net forcing is given by
Various combinations of BL, BR and TL provide solutions to various scenarios. For example, at the right edge, x 1 = W , the forcing function is, b = −BL − TL,
which yields b = chαδ 2 2
The remaining boundary conditions can be evaluated by similar methods.
Net force.
To confirm the absence of rigid body motion, we determine the net force on the domain, which is given by
Hence, there is zero net force on the domain and no rigid body motion.
Applied force.
We find the applied force on the domain by integration. Note that, below we only look at the right edge of the domain. The other edges are completed with a similar procedure. For x 2 ∈ (−L + δ, L − δ), the loading is given by
where a is a constant. We note, from equation (64), that the result is independent of a. Note that we substitute the form for c as given by [11] , which is
where κ is the bulk modulus. Evaluating the integral produces
As we approach the top-right corner, we are only concerned with the x 1 component of F app as we are looking the right edge. The integral becomes
where a = W − √ δ 2 − L 2 . The integral yields
Comparison with classical results. In order to compare with solutions to classical elasticity we allow δ to go to zero. The value of F 1,app far from the edges goes to 2κα, normal to the domain edges, and the geometry of the end load goes from a distributed, to a concentrated load at the edge face. The varying corner load, F 1,app , goes to zero in magnitude and in the geometry of the system. The system is a plate with normal loads of magnitude 2κα. Classical elasticity can solve this system as well. The system's stress is given by
where σ ij represents Cauchy stress. The stress-strain relationships, assuming plane stress, are 11 where E is the Young's modulus, ν is Poisson's ratio and µ is the shear modulus [12] . Substituting our expressions for stress into the equations above results in 11 = 22 = α, 12 = 0.
The strain displacement relationship is
We solve for the displacements; ignoring rigid body motion gives us
which is equivalent to equation (56), our prescribed input for the peristatic system. 
Numerical results
For a one-dimensional system, using equation (41), we apply the load to a rod and determine if we recover the deformation. We choose an L = 0.5 m, A = 6.655 × 10 −5 m 2 , and E = 3.85417 GPa. The domain is discretized with 100 nodes. Two different horizon sizes are used, 3 x and 5 x. We utilize adaptive dynamic relaxation [11] to achieve a static solution. Figures 5, 6, and 7 show the results for a linear, quadratic, and both the linear and quadratic deformations respectively. The label 'Exact' refers to the exact deformation we would expect.
As expected, the peristatic deformation follows the expected deformation very closely, independent of horizon size.
For a two-dimensional system, we apply a load to the plate and see if we recover the deformation. We choose W = 0.5 m, L = 0.25 m, h = 6.655 mm, E = 3.85417 GPa, and ν = 1/3. The domain is discretized with 40 nodes along x 1 and 20 nodes along x 2 . Just as for the one-dimensional system, two different horizon sizes are used and adaptive dynamic relaxation is used. Figure 8 shows the results for the two-dimensional system. The label 'Exact' refers to the exact deformation we would expect. As expected, the peristatic deformation follows the expected deformation very closely, independent of horizon size. 
Conclusions
The governing equations for bond-based peridynamics are simplified for one-dimensional problems. The form of the simplified equation is very similar to the form assumed by previous studies. We looked at the load required for linear and quadratic deformation and also considered the special case of a rod under its own weight. We found these loads by first assuming a deformation and finding the load required. Some higher-order deformations are given in Appendix 1. An analytical solution to the special case of pure dilatation in two-dimensions is also provided. Some numerical results are provided to confirm that the deformation is consistent with the applied load. = Eξ (δ − L)(5δ 2 − 8δL + 4L 2 ).
Appendix 1: Higher-order deformations

A1.1. Third-order
u(x) = γ x 3 , where γ is a constant. (96) b(x) = − E 3δ 2 γ    −2δ 3 + 9δ 2 x − 18δx 2 + 2L 3 + 3L 2 x + 6Lx 2 − 11x 3 , x ∈ (L − δ, L] 18δ 2 x, x ∈ (−L + δ, L − δ) 2δ 3 + 9δ 2 x + 18δx 2 − (L + x)(2L 2 − 5Lx + 11x 2 ), x ∈ [−L, −L + δ)(97)
